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Interviewer: “I heard you were extremely quick at math.”
Me: “Yes, as a matter of fact | am.”

Interviewer: “What’s 14 x 27?”

Me: “49”

Interviewer: “That’s not even close.”

Me: “Yeah, but it was fast.”
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In Practice ...

We're probably using these methods for visualization

(e.g. exploratory analysis) or to support supervised
learning

* For example, earlier we used principal component
analysis for regression

* We can use also use cluster membership information
as predictors for supervised learning



Principal Component Analysis

First Principal Component

* Loadings
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Principal Component Analysis

First Principal Component
Optimization Problem
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Principal Component Analysis

USArrests Data
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Principal Component Analysis

USArrests
Biplot

Q. What'’s better than one
set of axes?
A. Two sets of axes ©

Second Principal Component

- prcomp(USArrests, scale = T)Srotation[,1:2]

- prcomp(USArrests, scale = T)Sx[,1:2]
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Principal Component Analysis

Minimizing the Sum of Squared Distances

Simulated Data]
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Principal Component Analysis
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Multiplying the scores by the loadings to approximate
the original data

M

Lij =~ Z ZimQjm

m=1

Reconstruction



Principal Component Analysis

USArrests: Scaled Versus Unscaled Solutions

Scaled Unscaled
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Principal Component Analysis

Scaling Variables

Variables with larger variance can drive the output

> apply (USArrests, 2, mean)
Murder Assault UrbanPop Rape
7.788 170.760 65.540 <l I
> apply (USArrests, 2, var)
Murder Assault UrbanPop
18.97047 ©9495.165711 209.9181718

Rape
0112916



Principal Component Analysis
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Proportion of Variance Explained (PVE)

e Total Variance

P P4 ;
; Var(X;) = Z " Ty

=1 1=1

<
|

* Variance Explained by the mt" Principal Component
2
I~ , 1< |w
- D Z, = - DD bima
i=1 i=1 \ j=1
* Proportion of Variance Explained

2
D e (Zﬁ;l §bjm37ij)
Z§:1 D e J??;




Principal Component Analysis

Scree and Cumulative PVE Plots

o _ o _
T -O T—
()]
c
Q _ L o« _
g o S o
c n
®© )
T © S ©
W o g 2
® ©
: >
S < _ g <
g o© s ©
S g
N S o
O = (]
=
3
3
o _ o _
(] QO
| | | | | | | | | | | | | |
10 15 20 25 30 35 40 10 15 20 25 30 35 40

Principal Component Principal Component



K-Means Clustering
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Crisp Clustering [Disjoint Clusters]

Let C1, ..., (' denote sets containing the indices of the observations in each cluster.

L.

/ /

CruCyU...UCkg = {1,...,n}. In other words, each observation

/

belongs to at least one of the K clusters.

C.NCy = 0 for all £ # Ek'. In other words, the clusters are non-
overlapping: no observation belongs to more than one cluster.

For instance, if the ith observation is in the kth cluster, then ¢ € C..



K-Means Clustering

Example Clusterings for Simulated Data
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K-Means Clustering

Objective Function

Minimize within class variation ...
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K-Means Clusterin

Alternative Within Cluster Variation Expression
[first expression equals last expression]
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K-Means Clustering
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1. Randomly assign a number, from 1 to K, to each of the observations.
These serve as initial cluster assignments for the observations.

K-Means Clustering Algorithm

2. Iterate until the cluster assignments stop changing:

(a) For each of the K clusters, compute the cluster centroid. The
kth cluster centroid is the vector of the p feature means for the
observations in the kth cluster.

(b) Assign each observation to the cluster whose centroid is closest
(where closest is defined using Euclidean distance).



K-Means Clustering
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Implementation Note

Clusters are initialized to randomly selected observations

> stats::kmeans
centers <- x[sample.int(n, k), ]



K-Means Clustering
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'terative Expectation Maximization (EM)

e Step 2b: assigh observations to .;"..g:_;‘,f ey ey
clusters [expectation] res? :
* Step 2a: update the cluster T e -

centroids [maximization]

* Neither step will increase the
value of the objective function
[they’re designed to reduce it]
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K-Means Clustering

Multiple Starts [random initializations]

Perform the k-means
clustering procedure

multiple times and select «;s. ¥ 7
the model that produces ' K
the lowest value for the

objective function tidhe e
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Hierarchical Clustering

Simulated Data for Hierarchical Clustering
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Hierarchical Clustering

Dendrogram Example
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Hierarchical Clustering

Hierarchical Clustering Algorithm w

1. Begin with n observations and a measure (such as Euclidean dis-
tance) of all the () = n(n— 1)/2 pairwise dissimilarities. Treat each
observation as its own cluster.

2. Fori=n,n—1,...,2:

/

(a) Examine all pairwise inter-cluster dissimilarities among the ¢
clusters and identify the pair of clusters that are least dissimilar
(that is, most similar). Fuse these two clusters. The dissimilarity
between these two clusters indicates the height in the dendro-
eram at which the fusion should be placed.

(b) Compute the new pairwise inter-cluster dissimilarities among
the 7+ — 1 remaining clusters.



Hierarchical Clustering

Hierarchical Clustering Linkage
distance between groups

Linkage

Description

Complete

Maximal intercluster dissimilarity. Compute all pairwise dis-
similarities between the observations in cluster A and the
observations in cluster B, and record the [largest of these
dissimilarities.

Single

Minimal intercluster dissimilarity. Compute all pairwise dis-
similarities between the observations in cluster A and the
observations in cluster B, and record the smallest of these
dissimilarities. Single linkage can result in extended, trailing
clusters in which single observations are fused one-at-a-time.

Average

Mean intercluster dissimilarity. Compute all pairwise dis-
similarities between the observations in cluster A and the
observations in cluster B, and record the average of these
dissimilarities.

Centroid

Dissimilarity between the centroid for cluster A (a mean
vector of length p) and the centroid for cluster B. Centroid
linkage can result in undesirable inversions.




Hierarchical Clustering

First Three Steps for Hierarchical Clustering
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Hierarc hical Clustering w
Linkage:
Average versus Complete versus Single
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Hierarchical Clustering
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Fuclidean versus Correlation Based Distance
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Clustering

To Scale or Not To Scale?
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Clustering
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Decisions for Clustering

*Should the observations be standardized?
(e.g. centered, scaled)

* What dissimilarity measure should be used?

* For hierarchical clustering, what type of
linkage should be used?

*How many clusters?
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